Abstract. We find all stable projective planes with finite topology which are properly embedded in R 3 /Γ , where Γ is a discrete subgroup of translations in R 3 . Here stable means second order minimum of the area. The surfaces we obtain are a quotient of the helicoid and quotients of the doubly periodic Scherk surfaces.
Introduction
Minimal surfaces are the critical points of the area for any variation with compact support. A minimal surface is said to be stable if the second derivative of the area is nonnegative for the above type of variations. The purpose of this paper is to study stable minimal surfaces properly embedded in quotients of R 3 by discrete subgroups Γ of translations.
We know from the results of Fischer-Colbrie and Schoen [3] and Fischer-Colbrie [2] that a complete orientable stable surface immersed in a complete orientable flat 3-manifold must be totally geodesic. However many examples of stable nonorientable surfaces embedded in flat three-tori are known, see the paper by M. Ross [13, p. 73] . We treat the nonorientable case and we obtain in Theorem 3.2 the following result:
The only stable projective planes with finite topology which are properly embedded in 3 . In the proof of our results we make use of M. Ross' paper [13] about stable nonorientable surfaces, which is based on ideas by López and Ros [6] , and also of the fundamental works by Meeks and Rosenberg on singly [10] and doubly [9] periodic properly embedded minimal surfaces.
We have organized the paper in two sections. In the next one we state some basic facts about stable nonorientable surfaces and properly embedded minimal surfaces and we show the stability of some projective planes. In the last one we prove the results stated in this introduction.
Preliminaries and examples of stable surfaces
Suppose that M is a nonorientable minimal surface immersed in R 3 /Γ and that M → M is the orientation covering. Call I : M → M the interchange of sheets. Then M is immersed in R 3 /Γ and we have that M is stable if and only if
for all smooth u : M → R with compact support on M and u • I = −u. Here ∆ is the Laplacian and K is the Gauss curvature on M . See [13] and the references cited there. Now we briefly recall some basic facts about properly embedded minimal surfaces.
Let M ⊂ R 3 /Γ be a properly embedded nonorientable minimal surface. The surface M is not totally geodesic, since otherwise it would be a quotient of a plane in R 3 by Γ and so it would be orientable. Let M be the pullback of M to R 3 via the map R 3 → R 3 /Γ . The surface M is properly embedded and, by the strong halfspace theorem of Hoffman and Meeks [4] , it is connected. Consider the subgroup Γ ⊂ Γ of those translations in Γ that are orientation preserving when restricted to M . Then M = M/Γ is an orientable properly embedded minimal surface in R 3 /Γ and there are induced twofold coverings Reciprocally if M ⊂ R 3 /Γ is an orientable properly embedded minimal surface with Weierstrass representation (g, ω), see [7] , and I : M → M is an anticonformal involution on M without fixed points and such that
then I extends to a nontrivial translation T on R 3 /Γ such that T •T is the identity on R 3 /Γ ; see the arguments in [7, p. 527] . The group generated by T and Γ is a discrete subgroup Γ with the same rank as Γ , and the quotient M /T is a properly embedded nonorientable minimal surface in R 3 /Γ . We shall apply the above discussion to some concrete surfaces. Consider the helicoid M that is conformally parameterized by C * with Weierstrass representation
. This is a minimal surface properly embedded in R 3 /Γ , where Γ is the group generated by a nontrivial vector. The anticonformal involution I(z) = −1/z has no fixed points, and (2) holds. So I extends to a translation T and M /T is a nonorientable helicoid H with total curvature −2π and one end which is properly embedded in some R 3 /Γ , where rank(Γ ) = 1. Now consider the Scherk surfaces whose Weierstrass representation is given on
.
These surfaces are embedded in R 3 /Γ , where Γ (depending on θ) is a rank-two subgroup of translations in R 3 . The anticonformal involution I(z) = −1/z has no fixed points, and we have that (2) holds. So we conclude that I extends to an order two translation T on R 3 /Γ and that M /T is a nonorientable minimal surface embedded in R 3 /Γ , where Γ is the rank two subgroup generated by T and Γ . We shall refer to these surfaces as Scherk projective planes.
Note that the condition g • I = −1/g implies that I is the only anticonformal involution on the helicoid and on the Scherk surfaces that gives a nonorientable quotient.
The following result will be used to prove that these surfaces are stable. we have that Γ = {0}. We also have that rank(Γ) = 3 as M is properly embedded and noncompact. The surface M is not flat, since otherwise it would be a quotient of a plane in R 3 by Γ and so it would be orientable. 
